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metaheuristic algorithms [5],[6]. Firefly algorithm (FA) is a
new population-based metaheuristic approach developed by
Xin-She Yang [7],[8], which is nature-inspired by behavior of
the flashing characteristics of fireflies. In this context, the
flashing light can be formulated in such a way that it is
associated with the objective function to be optimized, which
makes it possible to formulate the firefly algorithm.

Abstract— The reliability-redundancy allocation problem can be
approached as a mixed-integer programming problem. It has
been solved by using optimization techniques such as dynamic
programming, integer programming, and mixed-integer nonlinear programming. On the other hand, a broad class of metaheuristics has been developed for reliability-redundancy
optimization. Recently, a new meta-heuristics called firefly
algorithm (FA) algorithm has emerged. The FA is a stochastic
metaheuristic approach based on the idealized behavior of the
flashing characteristics of fireflies. In FA, the flashing light can
be formulated in such a way that it is associated with the
objective function to be optimized, which makes it possible to
formulate the firefly algorithm. This paper introduces a modified
FA approach combined with chaotic sequences (FAC) applied to
reliability-redundancy optimization. In this context, an example
of mixed integer programming in reliability-redundancy design
of an overspeed protection system for a gas turbine is evaluated.
In this application domain, FAC was found to outperform the
previously best-known solutions available.

On the other hand, in recent years, growing interests in
chaos theory and its features have stimulated the studies of
chaos applied in optimization algorithms design [9]-[12]. This
paper proposes a combination of FA with chaotic sequences
(FAC). To illustrate the power of the proposed FAC, a
benchmark of reliability-redundancy optimization has been
considered. The example is an overspeed protection system for
a gas turbine [13]-[15]. Simulation results of the FA and the
proposed FAC approach are compared with other optimization
techniques presented in literature for a benchmark of
reliability-redundancy optimization.

Keywords— evolutionary algorithms, firefly optimization, chaotic
sequences, optimization, reliability-redundancy optimization.

I.

The remainder of this paper is organized as follows. In
Section II, the reliability-redundancy optimization problem is
introduced, while the characteristics of FA and FAC
approaches are detailed in Section III. The problem
formulation for reliability-redundancy optimization and its
assumptions are given in Section IV. Moreover, Section IV
also presents the simulation results for a benchmark problem
of reliability-redundancy optimization. Finally, the conclusion
and further research are discussed in Section V.

INTRODUCTION

Redundancy optimization is a classical problem that has
attracted considerable attention from the research community.
A reliability-redundancy optimization problem can be
formulated to use components, and levels-of-redundancy to
maximize some objective function, given system-level
constraints on reliability, cost, and/or weight. Reliabilityredundancy optimization has been the subject of many studies
[1],[2]. During the past two decades, numerous reliability
design approaches based on optimization techniques [1]-[4]
have been proposed.

II.

In this work, the reliability-redundancy allocation problem
of maximizing the system reliability subject to constraints can
be formulated as

Recently, many research activities have been devoted to
design, implementation and validation of new efficient
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Maximize Rs = f (r , n) ,

(1)

subject to g (r , n) ≤ l
0 ≤ ri ≤ 1, ri ∈ ℜ, ni ∈ Z+, 1 ≤ i ≤ m.

(2)

Stage
1
2
3
4

where Rs is the reliability of system, g is the set of constraint
functions usually associated with system weight, volume and
cost, r = (r1, r2, r3,,…, rm) is the vector of the component
reliabilities for the system, n = (n1, n2, n3,,…, nm) is the vector
of the redundancy allocation for the system; ri and ni are the
reliability and the number of components in the ith subsystem
respectively; f(·) is the objective function for the overall
system reliability; and l is the resource limitation; m is the
number of subsystems in the system. Our goal is to determine
the number of components, and the components’ reliability in
each system so as to maximize the overall system reliability.
The problem belongs to the category of constrained nonlinear
mixed-integer optimization problems. The benchmark of
reliability-redundancy optimization evaluated in this paper is
formulated, which are outlined below.

III.

Maximize

[

f (r , n) = ∏ 1 − (1 − ri
i =1

],

The FA is a metaheuristic algorithm, inspired by the
flashing behavior of fireflies. Recent studies show that the FA
is efficient in numerical optimization [16]-[18] and
combinatorial optimization [19], and could outperform other
metaheuristics [16].
Yang [7],[8] formulated this firefly algorithm by assuming:
i) all fireflies are unisex, so that one firefly will be attracted to
all other fireflies; ii) attractiveness is proportional to their
brightness, and for any two fireflies, the less brighter one will
attract to the brighter one; however, the brightness can
decrease as their distance increases; and iii) if there are no
fireflies brighter than a given firefly, it will move randomly.
The brightness should be associated with the objective
function.
As a firefly’s attractiveness is proportional to the light
intensity seen by adjacent fireflies, we can now define the
attractiveness β of a firefly in terms of Cartesian distance
between firefly i and firefly j. In this case, the movement of a
firefly i is attracted to another more attractive (brighter) firefly
j is determined by [7]

(3)

subject to
m

g1 (r , n) = ∑ vi ⋅ ni2 ≤ V

(4)

i =1

]

(5)

g 3 (r , n) = ∑ wi ⋅ ni ⋅ e 0.25⋅ni ≤ W

(6)

m

[

g 2 (r , n) = ∑ C (ri ) ⋅ ni + e 0.25⋅ni ≤ C
i =1
m

i =1

OPTIMIZATION ALGORITHM

A. Firefly algorithm

The benchmark considered is an overspeed protection
system for a gas turbine [13]-[15]. Overspeed detection is
continuously provided by the electrical and mechanical
systems. When an overspeed occurs, it is necessary to cut off
the fuel supply using control valves [13].
This problem is formulated as the following mixed-integer
nonlinear programming problem, i.e., the problem can be
stated as

) ni

T
1000 h

This section describes the proposed FA. First, a brief
overview of the FA is provided, and finally the modification
procedures of the proposed FAC are presented.

A. Overspeed protection system for a gas turbine

m

TABLE I
DATA OF OVERSPEED PROTECTION SYSTEM
105 ·ai
vi
wi
V
C
W
bi
1.0
1.5
1
6
250
400
500
2.3
1.5
2
6
0.3
1.5
3
8
2.3
1.5
2
7

xi = xi + β 0e

− γ ⋅ rij2

1⎞
⎛
( x j − xi ) + α ⎜ rand − ⎟
2⎠
⎝

(7)

γ is the
absorption coefficient, and β 0 is the attractiveness at r = 0.
The third term is randomization with α being the
randomization parameter. The value of rand is a random
number generator uniformly distributed in [0, 1]. Based on
comments in [7] for the implementation of classical FA was
adopted β 0 =1 and α generated with uniform distribution in
range [0,1] in this paper. The procedure for implementing the
FA can be summarized as the pseudo code (adapted of [7])
shown in Fig. 1.
where the second term is due to the attraction, where

where 1 ≤ ni ≤ 10, ni ∈ Z+, where Z+ is the space discrete of
positive integers, 0.5 ≤ ri ≤ 1-10-6, ri ∈ ℜ; vi is the volume of
each component in subsystem i; V is the upper limit on the
sum of the subsystems’ products of volume and weight; C is

the upper limit on the system cost; C (ri ) = ai ⋅ [− T / ln(ri )]bi is
the cost of each component with reliability ri at subsystem i; T
is the operating time during which the component must not
fail; and W is the upper limit on the weight of the system. The
input parameters of the overspeed protection system for a gas
turbine are shown in Table I.
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at constant sizes, oscillate between limited sequences of sizes,
or behave chaotically in unpredictable patterns.

Objective function of optimization problem f(x), x = (x1, ..., xd)T
Generate initial population of n fireflies xi (i = 1, 2, ..., n) using generation of
numbers with uniform distribution
Light intensity Ii at xi is determined by f(xi)
Define light absorption coefficient γ
Initial generation, k = 0

A very small difference in the initial value (t=1) of γ (1) and
α (1) causes substantial differences in its long-time behavior.
Equations (9) and (10) are deterministic, displaying chaotic
dynamics when [μ1,μ2]= 4 and [ γ (1) , α (1) ] ∉ {0, 0.25, 0.50,
0.75, 1}. In this paper, γ (t ) and α (t ) are adopted with chaotic
dynamics and distributed in the range [0,1].

while (k < MaxGenerations)
Update the generation number, k = k + 1
for i = 1 to n (all n fireflies)
for j = 1 to i (all n fireflies)
if (Ij < Ii) in case of a minimization problem
Move firefly i towards j in d-dimension;
end if
Attractiveness varies with distance r via equation (7)
Evaluate new solutions and update light intensity
end for j
end for i
Rank the fireflies and find the current best
end while
Postprocess results and visualization
Figure 1. Pseudocode of the FA.

IV.

Each individual of a population in tested FA and FAC
approaches uses the variables vectors n and r, where the
boundaries are given in Section 2. During the evolution
process, the integer variables ni are treated as real variables;
and in evaluating the objective function, the real values are
transformed to the nearest integer values.
Each optimization method was implemented in MATLAB
(MathWorks). All the programs were run under Windows XP
on a 3.2 GHz Pentium IV processor with 2 GB of random
access memory. To eliminate stochastic discrepancy, in each
case study, it adopted 50 independent runs for each of the
optimization methods involving 50 different initial trial
solutions for each optimization method.

A. Proposed FAC approach
The rate of convergence of evolutionary algorithms (EAs) is
strongly influenced by the choice of certain parameters. For
EAs in general, either one can manually tune the parameters
before the run or control them during the run. The success of
the search in EAs is highly dependent on a good balance
between two processes: exploration and exploitation.
Exploration allows searching the entire search space by
ensuring the redirection of the search toward new regions,
while exploitation favors a quick convergence toward the
optimum.

The total number of solution vectors in FA and FAC, i.e.,
the n was 15 fireflies and MaxGenerations = 200. The tested
FA and FAC approaches adopt 3,000 objective function
evaluations in each run. Furthermore, α = 0.6 and γ = 1.0 was
adopted in FA.

In terms of this paper, the use of chaotic sequences in FA, a
kind of EA, can be helpful to escape more easily from local
minima than can be done through the traditional FA. Chaos is
a kind of a feature of nonlinear dynamic system which exhibits
bounded unstable dynamic behavior, ergodic, non-period
behavior depended on initial condition and control parameters.

In this work, the penalty-based method proposed in [13] was
used in FA and FAC approaches for infeasible solutions
(constraint violation). An approach is used to convert a
constrained problem to an unconstrained one by modifying the
search space. A penalty value is defined to take the
constrained violation into account. The method proposed in
[13] uses a procedure where the terms l are subtracted
(maximization problem) from objective function f (r , n)
if g (r , n) > l.

In this context, the proposed FAC uses chaotic sequences
using Logistic map [20],[21] to tune α and γ given by
constant values in the equation (7). The equation (7) is
modified to
xi = xi + β 0 e

with
and

−γ (t )⋅rij2

1⎞
⎛
( x j − xi ) + α (t )⎜ rand − ⎟ ,
2⎠
⎝

SIMULATION RESULTS

Table II shows the results over 50 independent runs for the
overspeed protection system. FAC gives the best results,
followed by the FA. By using the results in Table II, in terms
of best f (r , n) result, the solutions of FAC are just slightly
better than the solution found by FA for the overspeed
protection system.

(8)

γ (t ) = μ1 ⋅ γ (t − 1) ⋅ [1 − γ (t − 1)]

(9)

α (t ) = μ 2 ⋅ γ (t − 1) ⋅ [1 − α (t − 1)] ,

(10)

The best result obtained for the overspeed protection system
using FAC was 0.99995467, as shown in Table III. From
Table IV, a best solution found by FAC for the overspeed
protection system has a slight advantage in terms of solution
quality (maximum value of f(r,n)) when compared with the
results obtained by Chen [13], Dhingra [14], and Yokota et al.
[15].

where t is the sample, and μ1 and μ2 are control parameters,
0 ≤ μ1,μ2 ≤ 4. The behavior of the system of equations (9) and
(10) is greatly changed with the variation of μ1 and μ2. The
values of μ1 and μ2 determine whether γ (t ) and α (t ) stabilize
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V.

CONCLUSION

The study of flashing behavior and flash synchronization in
fireflies [22]-[24] is a good inspiration to the development of
bio-inspired optimization methods. In this context, the FA is a
recently proposed metaheuristic algorithm inspired by the
flashing behavior of fireflies.

[13]
[14]
[15]

This paper intended to provide a description of FA and a
new FAC approach to a case study of reliability-redundancy
optimization. Simulation results for a well-known benchmark
problem in reliability-redundancy optimization presented in
Tables II to IV reveal that FA and FAC demonstrate the
effectiveness, efficiency, and robustness. Literature results are
available for evaluated optimization examples in Table IV.
FAC has a slight advantage in terms of solution quality over
the other solvers.

[16]

[17]
[18]

As an extension of this paper, further investigation will be
devoted to validate the proposed FAC in multiobjective
applications of reliability-redundancy optimization.

[19]
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TABLE II
CONVERGENCE RESULTS OF
Optimization
method
FA
FAC

f (r , n) (50 RUNS) FOR THE OVERSPEED PROTECTION SYSTEM USING FA AND FAC APPROACHES
f (r , n)

Minimum
(Worst)
0.99960531
0.99990212

Mean
0.99993121
0.99993907

Maximum
(Best)
0.99995466
0.99995467

Standard
Deviation
0.00005086
0.00001447

TABLE III
BEST RESULT (50 RUNS) OF FA AND FAC APPROACHES FOR THE OVERSPEED PROTECTION SYSTEM
Parameter
FA
FAC
f (r , n)
0.99995466
0.99995467
n1
5
5
n2
6
5
n3
4
4
n4
5
6
r1
0.90124442
0.90165488
r2
0.85037025
0.88821801
r3
0.94848940
0.94807430
r4
0.88792842
0.84996263
MPI (%)
0.0225%
Slack (g1)
55
55
Slack (g2)
0.00000084
0.00934729
Slack (g3)
24.80188272
15.36346308
Note: Slack is the unused resources.

MPI (%) = [Rs (FAC) − Rs (other)]/[1 − Rs (other)]

TABLE IV
COMPARISON OF RESULT FOR THE OVERSPEED PROTECTION SYSTEM USING FAC WITH RESULTS IN THE LITERATURE
Parameter
Dhingra [14]
Yokota et al. [15]
Chen [13]
This paper (using FAC)
f (r , n)
0.99961
0.999468
0.999942
0.99995467
n1
6
3
5
5
n2
6
6
5
5
n3
3
3
5
4
n5
5
5
5
6
r1
0.81604
0.965593
0.903800
0.90165488
r2
0.80309
0.760592
0.874992
0.88821801
r3
0.98364
0.972646
0.919898
0.94807430
r4
0.80373
0.804660
0.890609
0.84996263
MPI (%)
88.6333%
91.6673%
23.5689%
Slack (g1)
65
92
50
55
Slack (g2)
0.064
-70.733576
0.002152
0.00934729
Slack (g3)
4.348
127.583189
28.803701
15.36346308
Note: Slack is the unused resources.

MPI (%) = [Rs (FAC) − Rs (other)]/[1 − Rs (other)]
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